TWISTED ACTIONS AND THE OBSTRUCTION TO EXTENDING 
UNITARY REPRESENTATIONS OF SUBGROUPS 



ASTRID AN HUEF AND IAIN RAEBURN 

Abstract. Suppose that G is a locally compact group and tt is a (not necessarily 
irreducible) unitary representation of a closed normal subgroup N of G on a Hilbcrt 
space TL. We extend results of Clifford and Mackey to determine when tt extends to a 
unitary representation of G on the same space TL in terms of a cohomological obstruction. 

Let G be a group and tt : N — > U (TL) a unitary representation of a normal subgroup N 
of G. When is tt the restriction of a unitary representation of G? 

If tt does extend to a representation p of G, then p(s) implements a unitary equivalence 
between tt and tt s : n i— > 7r(sns _1 ). So an obvious necessary condition is that tt should 
be equivalent to tt s for each seG (we say that 7r is G -invariant) , and the problem is to 
decide when a G-invariant representation extends. 

Clifford answered this extension problem in [2j when G is discrete, tt is irreducible and 
TL is finite-dimensional. In modern language, Clifford showed that if tt is G-invariant, 
then there is an obstruction to extending the representation in the cohomology group 
H 2 (G/N,T), where T is the unit circle. Mackey extended Clifford's result to irreducible 
unitary representations of normal closed subgroups of locally compact groups Theo- 
rem 8.2]. Mackey's solution involves Borel cocycles, so his obstruction lies in a cohomology 
theory where all the cochains are Borel. The resulting cohomology groups were subse- 
quently analysed by Moore in jHJ EH HH H2j ■ 

This extension problem has recently resurfaced in the context of compact Lie groups 
in [l] , where it was tackled using the structure theory of Lie groups, and in jHj , where it 
was studied in the context of nonabelian duality for locally compact groups and crossed 
products of C*-algebras. Here we investigate a cohomological obstruction to the extension 
of an arbitrary G-invariant unitary representation tt of N, and its relationship to the 
results in |IJ and |3j. Our obstruction is a twisted action of G/N on the von Neumann 
algebra tt(N)' of operators which commute with every 7r(n); the representation extends 
if and only if this twisted action is equivalent, in a natural sense, to an ordinary action. 
We then use a stabilisation trick to show that if tt is G-invariant then infinite multiples 
7r ® 1 of tt always extend. 

Preliminaries. Let G be a second-countable locally compact group with a closed normal 
subgroup N. We endow the group U {TL) of all unitary operators on a separable Hilbert 
space TL with the strong operator topology, and note that U (TL) is a Polish group (in the 
sense that the topology is given by a complete metric). A unitary representation p of G 
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is a continuous homomorphism p : G — > U(7i). A function / : G — > 7i is Borel if / -1 (0) 
is a Borel set for each open set O of Ti; equivalently, if s i— »■ (/(s) | /i) : G — >■ C is a Borel 
function for each h aTi. We use a left-invariant Haar measure on G. 

Let A be a von Neumann algebra acting on a separable Hilbert space Ti. The group 
U(A) of unitary elements in A is a Polish group in the ultra-weak topology, and it is 
then a closed subgroup of U(TC). The group Aut(A) of automorphisms of A is Polish 
in the topology of pointwise ultra-weak convergence; this is called the it-topology in [H 
Definition 3.4]. For u G U(A), we denote by Adw the automorphism a \— > uau* of A, and 
note that Ad : U(A) — ► Aut(A) is a continuous homomorphism. 

Definition 1. A twisted action of G on A is a pair (a, a) of maps a : G — > Aut(A) and 
a : G x G — ► J7 (.A) such that 

(1) a and a are Borel, 

(2) a e = id, <r(e, s) = e) = 1 for s G G, 

(3) a s o Q! t = Ad a(s, t) o a st for s, t G G, and 

(4) a r (a(s, t))a(r, st) = a(r, s)cr(rs, t) for r,s,t G G. 

Two twisted actions (a, a) and (/3,u) of G on A. are exterior equivalent if there is a Borel 
map y : G — > [/ (A) such that 

(1) /3 S = Adi/ S o a s , and 

(2) w(s,i) = u s a s (v t )a(s,t)Vrt- 

These definitions are the von- Neumann algebraic analogues of |13| Definitions 2.1 
and 3.1]. Our definition of twisted action is slightly different from the one used in [To! 
Definition 2.1], where the map s h-> a s is required to be continuous. 

Main Results. In Theorem El we prove that the obstruction to extending a G-invariant 
unitary representation ir of N is a twisted action of G/N on the von Neumann algebra 
7r(N)', and in Theorem H] we discuss the extension problem in the context of non-abelian 
duality for amenable groups G. We reconcile the two approaches in Remark to do so 
one needs to understand not only the statement of Theorem El but also its proof. 

Theorem 2. Let N be a closed normal subgroup of a second-countable locally compact 
group G. Suppose it : N — » U(7i) is a unitary representation of N which is G-invariant. 
Then there is a twisted action (a, a) of G/N on the commutant tt(N)' ofir(N) such that'll 
extends to a unitary representation p of G onTi if and only if {a, a) is exterior equivalent 
to an action. 

Proof. We start by constructing the twisted action (a, a). Since n s is unitarily equivalent 
to 7r for all s G G, there exist unitary operators W s G U{TL) such that W s 7i(n)W* = 
7r(sns _1 ). We claim that we can choose W s such that the map s h- ► W s is Borel. To see 
this, let 

H = {(W, s) : W G U(H), s G G and Wn{n)W* = ^(sns" 1 ) for n G N}. 

Then if is a subgroup of U(Ti) x G; we claim that H is closed. So suppose that the net 
(WpjSp) G H converges to (W, s). Then W/37i(n) converges strongly to Wit(n) for each 
n G N, and since multiplication in U(H) is jointly continuous, n{spns~i 3 l )Wp converges 
strongly to 7t(sns~ 1 )W . Thus Wn(n) = 7r(sns~ 1 )W , and H is closed. Now H is Polish 
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since it is a closed subgroup of a Polish group, and the quotient map H — > G : (W, s) h- >■ s 
has a Borel section s i— > (W s , s) by [TTJ Proposition 4]. 

Another application of Proposition 4] shows that the quotient map G — > G/N 
admits a Borel section c : G/N — > G. We set 

V s = W^irWsN)-^). (1) 

Then s i — > is Borel and V sn = V s ir(n) for s £ G and n £ N. We define a s = Ad V s . For 
T £ ir(N)' and s £ G, we have 

a s (T)7r(n) = V s TV*Ti(n) = V s T(V*w(n)V s )V* = V.Tn^naW 

= Vs-Kis^ns^V* = VsTris^ns^VsTV; = vr(n)a s (T); 

thus a s : tt(N)' — > tt(N)' , and a s is an automorphism of tc(N)' because V s is unitary. 

To see that s h a s : G -> Aut(7r(iV) / ) is Borel, we will show that if Vp converges to V 
in the strong operator topology and Ad and AdV leave 7r(N)' invariant, then AdVp 
converges to AdV in Aut(7r(A)'). It then follows that s i— > a s : G — > Aut(7r(A)') is Borel 
because s t— > V s is Borel. The topology on Aut(7r(A)') is the topology generated by the 
seminorms a i— ► || / o a||, where / £ vr(A)'^ and the pre-dual 7r(iV)^ has been identified 
with the ultra- weakly continuous functionals on tt(N)'. The ultra- weakly continuous 
functionals on ir(N)' have the form /(T) = X/nLiC^n I ^n) where h n ,k n £ satisfy 
Y^=i ll^n|| 2 5^^Li ll^ll 2 < 00 ( see ' ^ or example, [21 pages 482-483]). Let e > 0. If K is 
the maximum of (Yl^Li ll^nll 2 ) 1 ^ 2 an d (J^^Li ll^n|| 2 ) 1,/2 , then 

||/oAd^-/oAdF|| =sup{\\f(V (3 TV;-VTV*)\\ : ||T|| = 1, T £ vr(iV)'} 

oo 

= sup { I ^(V;/i n | TY;fc n ) - (Ty^ n | V*A; n ) I : ||T|| = 1, T £ 7r(iV)'} 

n=l 

oo 

< sup { W( v p - V *)K\\ \\t*v;k\\ + \\Tv*h n \\ ||(v; - v*)K\\} 

n=l 

oo 

< Yl - HM + iim - omi 

n=l 

00 1/2 °° 1/2 

< *(£ ii W - om 2 ) + *(£ ii W - ^)^n 2 ) ( 2 ) 



by Holder's inequality. Since each Vg is a normal operator, we have Va — > V*. Now choose 
A > such that £~ =7V ||/i n || 2 < e 2 (16A 2 ) -1 and £~ =7V ||A; n || 2 < e 2 (16A 2 )- 1 . Then, for 
each n < N, choose an open neighbourhood O n of V* such that 



., e 2 



ii(^-nfenir< fi , v tt^ and ii(^*-nu 2 < 



8(A-1)A 2 llv p y n " 8(iV-l)AT 2 

whenever VJ £ O n , and check that if VJ £ f|n=i °n then Q < e. This proves that Ad Vp 
converges to AdV, and it follows that a : G — > Aut(7r(A)') : s i— ► Ad V s is Borel. 
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Next we define a(s,t) = V s V t V* t . Then 

a(s,t)n(n) = V s V t V*7r(n) = V t V t ir{{st)- l nst)V* 

= VsVtirdsty'nstWVtV* 

= V s <K{s- l ns)V t V: t = Tr(n)V s V t V* 

for all n G N, so a : G x G — > U(n(N)'). Note that a is Borel because s i— > V s is Borel 
and both V s i— > Vg* and (s,t) i— ► st are continuous. The equation V, n = V^7r(n) implies 
that o~(s, n) = 1 = cx(n, s) for s6G and n G iV. We have 

a(r, s )a(rs,t) = V r V s V* s V rs V t V* st = V r V s V t V* st 

= V r V s V t ( V* V r * V r V st ) V* st = a r (a(s,t))a(r,st), 

and, for T G 7t(N)' : 

a s (a t (T)) = V s V t TV t *V s * = V s V t V* V st TV* V st V* V* = a{s,t)a st {T)a{s,t)* . (3) 

Thus (a, a) is a twisted action of G on ir(N)'. But a s depends only on sN since 

a sn (T) = V s ix(n)Tix(n)*V* = V s 7r(n)7r(n)*TV* = a s (T) 

for all n G N. We also have 

a(s,tn) = V s V tn V; tn = V a V t n(n)*V^ = a{s,t), 

and a(sn,t) = a^sns^s^t) = cr(s,t) because a(ns,t) = o~(s,t). So we can view (a, a) as 
a twisted action of G/N on n{N)' . 

Now suppose that 7r extends to a continuous representation p of G on H. Let V s be as 
in (JTJ) and define : G/N — > t/(7^) by z/ s tv = p(s)K*- Then i/ is Borel because s i— »■ V^* is 
Borel and p is continuous, and 

cu(siV, iJV) := v sN a s (u tN )a(sN, tN)v* stN = 1. (4) 

If [3 S N '■= Ad z/ s at o a S N, then we can deduce from (jlj) and (jHJ) that 

PsN ° Aiv = (Ad v sN o a sA r) o (Ad u tN o a tN ) = Ad z/ s7V ° a sN o Ad z/ 4Ar o a tN 

= Ad(u sN a sN (u tN )) o a sA r o a t N = Ad(u stN a(sN, tN)*) o a sN o a tN 

= Ad u stN o a stN = P stN - 

Since (3 : G/N — > Aut(7r(iV)') is a Borel homomorphism between Polish groups, it is 
continuous by jTTJ Proposition 5]. Thus (/3, 1) is an ordinary action, and (a, a) is exterior 
equivalent to an action. 

Conversely, if (a, a) is exterior equivalent to an action, then there exists a Borel map 
v : G/N — > £7(7^) such that h / sN a S N(h , t N) cr (sN,tN)h'* tN = 1. Set p(s) = f s jvVs- Then 

p(s)p(t) = V sN V s V tN V t = VsNO!sN(VtN)V s Vt 

= V sN Ot sN {VtN)o{sN \tN)V st = VstNV st = p(st). 

Thus p : G — > U(7i) is a Borel homomorphism between Polish groups, and hence is 
continuous by fH\ Proposition 5]; p is the required extension of ir. □ 

Corollary 3. If it : N — > U(TC) is a G-invariant unitary representation of N, then there 
is a unitary representation p of G onTL® L 2 {G/N) such that p\ N — w ® 1. 
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Proof. Let (a, a) be the twisted action of G/N on ir(N)' constructed above. Then the 
twisted action (J3,u) := (a <g> id, a ® 1) of G/N on ir(N)' ® B{L 2 {G/N)) = (vr <g> 1)(A)' 
is the obstruction to extending tt ® 1. We will show that a>) is exterior equivalent to 
an action. Similar "stabilisation tricks" have been used in ^7J Proposition 2.1.3] and [T3*l 
Theorem 3.4], for example. 

We begin by identifying TC <g> L 2 {G/N) with the space L 2 {G/N,TC) of Bochner square- 
integrable functions. Since TC is separable, £ G L 2 (G/N, TC) if and only if £ is a Borel func- 
tion from G/N to W and J G/N U(sN)\\ 2 d(sN) < oo. Define v : G/A -> U{L 2 (G/N,Ti)) 
by 

(is t N£)(rN) = a(tN,t- 1 r- 1 N)*£(rtN)A(tN) 1/2 , 

where A is the modular function of G/N and £ G L 2 (G/N,TC). (The modular function is 
necessary to ensure that VtN is unitary.) Then 

KjvO^AO = a(tiV,r- 1 iV)£(rt- 1 iV)A(tiV)- 1 / 2 , 

and hence 

(/W^)i/V*ArO(r#) = <*sNWtN, r- 1 iV))( z ,* 7V v stJV £)( r r 1 iV)A(tiV)- 1 / 2 

= a sJV ((x(tA, r^AOMsiV, ir^AX^ArO^rV^A^tA)- 1 / 2 

= a sN (a(tN, r^N^aisN, tr^N^stN, r^Nf^rN) 

= a(sN, tN)£(rN) 

= (<x(sN,tN) ® l)C(riV) 

= w(sA, tN)£(rN). 

It follows that 

v S NPsN(vtN)u(sN,tN)v* tN = 1. (5) 

If we now define 7 : G/A — > Aut(7r(A)') by j sN = Adu sN o /3 sJ v, then (J3J implies that 
7 is a homomorphism. It remains to show that v is Borel, and it then follows from fH\ 
Proposition 5] that 7 = Adz/ o (3 : G/N — > Aut(7r(A)') is continuous. 

Since U(L 2 (G/N,TC)) has the strong operator topology, z/ is Borel if and only if sN 1— > 
zA;Ar£ is Borel for every £ G L 2 {G/N, TC), and hence if and only if sN \— > (u s n^ | 77) is Borel 
for every £,77 G L 2 {G/N,TC). Since (Z7, /i) 1— > £77i is continuous, the map (sN,tN,rN) \— > 
(<T(sN,tN),£(rN)) 1 — ^ cr(sN,tN)£(rN) is Borel, and hence so is 

(tA, r A) ^ I ((x(tA, rV -1 A)*£(rtA) | r?(rA)) | (6) 

Since © is dominated by ||£(r£A)|| ||??(rA)||, and an application of Tonelli's Theorem 
shows that this is integrable over G/N x G/N, it follows from Fubini's Theorem that 

tN i-> / (cr(tN, t^r^NY^rtN) \ rj(rN)) d(rN) 

J G/N 

defines, almost everywhere, an integrable (and therefore Borel) function. Multiplying by 
A(tA) 1//2 shows that tN t— > (vtN^, I ^) is Borel. Thus v is Borel and 7 is continuous. 

Thus v implements an exterior equivalence between {(3, u) and the ordinary action 
(7, 1). It now follows from Theorem El that there is a representation p of G with = 
1X <g> 1. □ 
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The irreducible case. When the representation ir of N is irreducible, the commutant 
7r(N)' is CI, the action a is trivial, and the obstruction a to extending ir is a Borel cocycle 
in the Moore cohomology group H 2 (G/N, T). Thus we recover Mackey's \7 : } Theorem 8.2] 
as it applies to ordinary (that is, non-projective) irreducible representations. 

When the obstruction a is non-trivial, we can recover Corollary El from another impor- 
tant part of the Mackey machine Theorem 8.3]: 7r extends to a projective representation 
U of G with cocycle a o (q x q), and tensoring with an irreducible a-representation W 
of G/N gives an irreducible representation U <8> (W o q) of G whose restriction to N is a 
multiple 7r (g) 1 of 7T. 

Applications to compact Lie groups. When T is a compact connected Lie group, 
Moore computed H 2 (T,T) as follows. Let T be the simply connected covering group 
of T; then the fundamental group 7Ti(r) is isomorphic to a central subgroup of T and 
T = T/tti(T). An inflation and restriction sequence identifies if 2 (T,T) with the quotient 
of the dual group 7ri(r) A = Hom^^r), T) by the image of the restriction map Res : 
(f) A ^7r 1 (r) A jli page 55]. 

When T = T\ we have vr^r) = Z n and T = R n } and the restriction map W 1 = (R n ) A ^ 
T n = (jny ig ontQ by duality Thus H 2 (T n ,T) = 0. Theorem thus implies that if 
G/N = T n , then every G-invariant irreducible unitary representation of iV extends to G. 
Because representations of compact groups are direct sums of irreducible representations, 
this observation includes [L Corollary 3.5], and hence also ^ Theorem 1.1]. 

For non-compact groups G, it is not clear how one might prove Corollary El by reduc- 
ing to the irreducible case: the analogue of the direct-sum decomposition would be a 
direct-integral decomposition, but not every unitary representation is a direct integral of 
irreducible representations. (See §10] for a discussion of decomposing representations 
as direct integrals.) 

The nonabelian duality approach. If a : G — > Aut(A) is a strongly continuous action 
of a locally compact group G on a C*-algebra A, a covariant representation of (A, G, a) 
consists of a representation \i of A and a unitary representation U of G such that 

/i(a t (a)) = U t [i(a)U* for a G A and t G G; 

covariant representations can take values either in abstract C*-algebras or in the concrete 
C*-algebra B{7i). The crossed product A x a G is the C*-algebra generated by a universal 
covariant representation in the multiplier algebra M(A x a G) (see [2] for details of what 
this means). The covariant representations {^,U) of (A, G, a) therefore give representa- 
tions fixU of A x a G, and all representations of A x a G have this form. We shall be partic- 
ularly interested in the actions It : G — > Aut(C (G/N)) and rt : G/N -> Aut(C (G/N)) 
defined by 

Mf)(uN) = f(s~ 1 uN) and rt tN (f)(uN) = f{utN). 

The automorphisms rt t Ar commute with the automorphisms lt s , and hence induce an 
action (3 of G/N on the crossed product C (G/N) x lt G. 

If 7T is a unitary representation of N, then the induced representation Ind ir of G acts 
in the completion 7i(Ind7T) of 

G C b (G,H) : £(tn) = TrCn)- 1 ^*)) and (tN ^ ||£(t)||) G C C (G/N)} 
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with respect to the inner product (£ 1 77) = f G / N (£(t) \v(t)) d(tN), according to the formula 
(Ind.7r) t (£)(r) = £(t _1 r). (See, for example, [T3J page 296]; because N is normal there is 
a G-invariant measure on G/N, and we can take the rho-function in the usual formula to 
be 1.) 

Let M be the representation of Cq(G/N) by multiplication operators on TC(lndir), and 
note that (M, Ind?r) is a covariant representation of (Go(G/X), G, It). The nonabelian 
duality approach to the extension problem yields the following theorem. 

Theorem 4. Suppose that N is a closed normal subgroup of an amenable and second- 
countable locally compact group G, and suppose that it is a unitary representation 71 : 
N — > U(TC). Then tt extends to a unitary representation of G if and only if there exists a 
unitary representation Q : G/N — > £/(7i(Ind7r)) such that (M x Ind7r,Q) is a covariant 
representation of(C (G/N) x lt G,G/N,(3). 

Proof. The induction-restriction theory of [3] says that tc is the restriction of a represen- 
tation of G if and only if M x Ind7r is induced, in a dual sense, from a representation 
of the group G*-algebra C*(G) = C x G. To deduce this from [3J Theorem 5.16], we 
need to recall some ideas of nonabelian duality. The group G*-algebra C*(G) is gener- 
ated by a universal unitary representation 1 : G — ► UM(C*(G)). The comultiplication 
5 : C*(G) — ► M(C*(G) (g) G*(G)) is the representation corresponding to the unitary rep- 
resentation l <g) t; it has a restriction 5| which is a coaction of G/A^ on C*(G). Since G 
is amenable, C*(G) coincides with the reduced group C*-algebra C*(G), and hence we 
can apply results from [Hj and [Hj concerning reduced crossed products. In particular, we 
can induce representations from C*(G) to the coaction crossed product C*{G) X$\ G/N 
by tensoring with a (C*(G) x S \ G/N)-C*{G) bimodule Y constructed by Mansfield jHJ; 
the resulting map on representations is denoted by V-Ind. 

We recall from Theorem C.23] that there is a Morita equivalence between 
Cq(G/N) Xj t G and C*(N) which is implemented by an imprimitivity bimodule 
X; we denote by X-Ind the corresponding map on representations. The algebras 
Cq(G/N) Xi t G and C*(G) x$\ G/N have exactly the same covariant representations, and 
hence are isomorphic (see, for example, [31 Theorem A. 64]). Thus we can view X as a 
(C*(G) x S \ G/N)-C*(N) bimodule. Theorem 5.16 of (with A = C and M — G) says 
that, provided G is amenable, we have a commutative diagram 

Res 

Rep C*(G) Rep C* (AO 




Rep(G*(G) x S \ G/N) 

Since X-Ind is a bijection, it follows that a representation it of C*(N) extends to a 
representation of C*(G) if and only if X-Ind7r is in the range of Y"-Ind. 

To deduce Theorem 0] from this, we have to make two observations. First, the repre- 
sentation X-Ind7r of Cq(G/N) x^ G is equivalent to M x Ind7r. To see this, note that 
the intertwining unitary isomorphism W of (X ®c*(v) H, X-Ind7r) onto (7i(Ind7r), Ind7r) 
constructed in the proof of fSl Theorem C.33] carries the left action of Cq(G/N) into 
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M. Second, we recall from Mansfield's imprimitivity theorem [SJ Theorem 28] that a 
representation \x of G*(G) x^ G/N has the form Y-Indp if and only if there is a unitary 
representation Q of G/N on TL(fi) such that ([i,Q) is covariant for the dual action (<5|) A 
of G/N. Since Theorem A. 64] also says that the isomorphism of C (G/N) x lt G onto 
C*(G) Xs\ G/N carries the action (3 into (<5|) A , the result follows. □ 

Remark 5. Comparing Theorem 0] with Theorem it is natural to ask what happened 
to the hypothesis "tt is G-invariant" . Suppose tt is G-invariant, so that there exist unitary 
operators W s on Tt such that W s n(n)W* = n^sns^ 1 ). Then 

u s m) = w s ms))A( S Ny/ 2 

defines a unitary operator U s on 7Y(Ind7r) which intertwines the covariant representations 
(M,Ind7r) and (Mort S 7v, Ind7r). So R s n '■= ^ c (siV) defines a map R : G/N — > U(Tt(lnd7r)) 
which formally satisfies the covariance relations but is not necessarily a representation. 

Our original extension problem for a G-invariant representation tt : N —>■ U (Tt) there- 
fore reduces to: 

Given a representation of C*(G) x§\ G/N such that o (5\)^ N is equivalent to 
for every sN £ G/N, is there a representation Q of G/N such that ((f), Q) is 
covariant for (G*(G) x S \ G/N, G/N, (5|) A )? 

Since there are by hypothesis unitary operators R s n such that o (5|) A jv = AdR S N ° 0, 
we can repeat the analysis of Theorem to see that there is a twisted action (/3, c<j) of 
G/iV on the commutant of the range of 0, such that (/3,u) is exterior equivalent to an 
ordinary action if and only if we can adjust the R s n to obtain the required representation 
Q. Thus P s n = AdR S N and, for £ £ 7^(Ind7r), 

oo(rN, sN)(0(t) = R rN R sN R* rsN (0(t) = U c{rN) U c(sN) U* c{rsN) (0(t) 
= ^ c(rW) ^ c( ^ ) W; (r ^ ) (e(tc(riV)c( S iV)c(r S iV)- 1 )) 
= W c{rN) W c{sN) W: {rsN) 7r(c(rN)c(sN)c(rsN^ 
= W c{rN) W c{sN) W: (rsN) 7r(c(rsN)c(sN)~ 1 c^ 

We claim that the obstruction (/3, u) is essentially the same as the obstruction (a, a) to 
extending tt from TheoremEl To see this, we first identify tt(N)' with 0(G*(G) G/N)' 
when = M x Indvr. If T £ tt(N)', then the formula 1 <g> T(£)(t) = T(f (i)) defines an 
operator in 0(G*(G) x 5 | G/N)'. When we view 7i(Ind7r) as X ®c*{N) H, then we recover 
Tt as X (£>c*(g)xg/n (X ®c*{N) 7~Q, where X is the dual imprimitivity bimodule, and the 
natural isomorphism of Tt onto X ®c*(g)xg/n (X <S>c*{N) W) takes T to 1 ® 1 ® T. Thus 
T ^ 1 ® T is an isomorphism of vr(iV)' onto 0(G*(G) x^ G/N)'. 

With V as in Equation ((H), the cocycle <r in the twisted action (a, a) satisfies 

<r(riV, sJV) = V r V s V* s 

= W c{rN) 7c(c(rN)- 1 r)W c{sN) TT(c(sN)-h)n(c(rsN)^ 
= W cirN) W c{sN) TT(c(sN)~ 1 c(rN)- 1 rc(sN)^^ 
= ^ c(rW) W c( ^ ) 7r(c(^)- 1 c(r^)- 1 c(r S ^))^ (f . sJV) 
= ^ c(riV )^ c( ^ ) W'; (r ^ ) 7r( C (r S iV)c( S iV)- 1 c(riV)- 1 ). 
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Thus with this choice of R s n, we have u(rN, sN) = 1 ® a(rN, sN), and for T £ n(N)', 

[3 sN {l ® T)(0(t) = i2,jv(l ® T)R* sN {0{t) 

= w c{sN) Tw: (sN) m) 

= (i®v.rv7)(0(t) 

= (l®a.(T))(0(*)- 

So the isomorphism of ir(N)' onto <f>(C*(G) x$\ G/N)' carries (a, a) into the twisted 
action ((3,u) which obstructs the existence of Q. Thus, reassuringly, the cohomological 
obstruction to finding Q is identical to the obstruction to extending 7r. 
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